The free vibration response of double-walled carbon nanotubes (DWCNTs) is investigated. The DWCNTs are modelled as two beams, interacting between them through the van der Waals forces, and the nonlocal Euler-Bernoulli beam theory is used. The governing equations of motion are derived using a variational approach and the free frequencies of vibrations are obtained employing two different approaches. In the first method, the two double-walled carbon nanotubes are discretized by means of the so-called "cell discretization method" (CDM) in which each nanotube is reduced to a set of rigid bars linked together by elastic cells. The resulting discrete system takes into account nonlocal effects, constraint elasticities, and the van der Waals forces. The second proposed approach, belonging to the semianalytical methods, is an optimized version of the classical Rayleigh quotient, as proposed originally by Schmidt. The resulting conditions are solved numerically. Numerical examples end the paper, in which the two approaches give lower-upper bounds to the true values, and some comparisons with existing results are offered. Comparisons of the present numerical results with those from the open literature show an excellent agreement.
Introduction
Carbon nanotubes (CNTs) constitute a prominent example of nanomaterials and nanostructures which have stimulated extensive research activities in science and engineering field. It is well known that CNTs are hollow cylindrical tubules composed of concentric graphitic shells with diameters on the scale of nanometers and, based on the number of walls, are designed as single-walled, double-walled and multiwalled nanotubes. In particular, the double-walled nanotubes can be viewed as two concentrically nested seamless grapheme cylinders bonded together by van der Waals forces.
Their discovery, since the publication of Iijima's paper [1] in 1991, has attracted much attention by many researches and several studies have shown that the carbon nanotubes possess extraordinary mechanical, physical, and electrical properties. As has been pointed out in the literature, extensive studies have been conducted on studying the mechanical properties of single-walled carbon nanotubes (SWNTs) or multiwalled carbon nanotubes (MWNTs), and several investigations have been performed by employing computational and experimental methods [2, 3] . In this context, an excellent review article on the mechanical properties of nanotubes was published by Ruoff et al. [4] , in which experimental measurements as well as theoretical predictions can be found.
In the earlier studies, the investigations on carbon nanotubes have mainly focused on numerous experiments [5] although these texts, at nanoscale, are very cumbersome. In addition, two different theoretical approaches have been developed: the atomistic and the continuum mechanics. Among the methods of atomistic simulations, the classical molecular dynamic (MD) simulations is the most common method in investigating the behaviour of CNTs [6, 7] . Since this approach is restricted to small-scale systems, the continuum modelling is considered to be a more appropriate method of investigating the structural behaviour of 2 The Scientific World Journal nanotubes. In the literature, there exist a lot of studies on analysing the bending, buckling, and postbuckling problems of nanotubes using Euler-Bernoulli [8, 9] and Timoshenko [10] beam models.
In recent years, due to the remarkable importance of nanostructures for many engineering and medical devices, research interest has grown on evaluating the vibrational properties of carbon nanotubes. The literature concerning the vibrational properties in CNTs is very rich and it is devoted to the dynamic problem of single and multiwalled carbon nanotubes. In this topic, the state of the art can be found in a review work by Gibson et al. [11] . In this paper, the authors report a coherent yet concise review of as many of these publications as possible and the main themes treated are the modelling and simulation of vibrating nanotubes. Extensive studies have been conducted to investigate the vibration behaviour by means of molecular dynamic simulations: for example, Ansari et al. in [12] have analyzed the vibrations characteristics of SWCNTs and DWCNTs under various layerwise boundary conditions at different lengths. The analysis performed and the results obtained show that the natural frequency of carbon nanotubes is strongly dependent on their boundary conditions especially when tubes are shorter in length. Moreover, several researchers implemented the elastic models of beams to study the dynamic problems, such as vibration and wave propagation, of carbon nanotubes [13, 14] . Xu et al. in [15, 16] , for example, studied the free vibration of DWCNTs which consist of two coaxial singlewalled CNT with interacting each other by the interlayer van der Waals forces. Therefore, the inner and outer tubes are modeled as two individual elastic beams and by using the Euler-Bernoulli beam model the exact solutions for natural frequencies, at different boundary conditions, have been derived. Also Elishakoff and Pentaras [17] deal with the evaluation of fundamental natural frequencies of DWCNTs under various boundary conditions and the expressions for the natural frequencies have been derived by applying the Bubnov-Galerkin and Petrov-Galerkin methods. In the paper by Natsuki et al. [18] , instead, a theoretical approach to vibration characteristic analysis of CNTs with simply supported boundary condition has been presented. Applying the EulerBernoulli beam theory, the authors obtained the resonant frequencies of DWCNTs with different vibrational modes and they showed that the resonant frequencies decrease with increasing length of nanotubes.
Although the classical continuum methods are efficient in performing mechanical analysis of CNTs, their applicability to identify the small-scale effects on carbon nanotubes mechanical behaviours is questionable. The importance of size effect has been pointed out in a number of studies where the size dependence of the properties of nanotubes has been investigated. For example, Sun and Zhang, in [19] , discussed the scarce applicability of continuous models to nanotechnology and proposed a semicontinuum model in studying nano-materials. The authors demonstrated that the values of the Young's modulus and Poisson's ratios depend on the number of atom layers in the thickness direction. These results show that the nanostructures and nanomaterials cannot be homogenized into a continuum. At this point, the nonlocal elastic continuum models are more pertinent in predicting the structural behaviour of nanotubes because of being capable of taking in the small-scale effects. It is well known that the nonlocal elasticity theory assumes that the stress state, at a given reference point, is considered to be a function of the strain field at all points of the body. The origins of the nonlocal theory of elasticity go to pioneering works, published in early 80s, by Eringen [20] . In [21] Reddy reports a complete development of the classical and shear deformation beam theories using the nonlocal constitutive differential equations and derived the solutions for bending, buckling, and natural frequencies problems of simply supported beams.
In recent years, many researchers have applied the nonlocal elasticity concept for the bending, buckling, and vibration analysis of nanostructures. Peddieson et al. [22] have used nonlocal Euler-Bernoulli model for static analysis of nanobeams and particular attention is paid to cantilever beams which are often used as actuators in small-scale systems. Further applications of the nonlocal elasticity theory have been employed in studying the buckling problem [23, 24] and vibration problems, by applying Euler-Bernoulli beam and shell theories and Timoshenko beam theory, in CNTs [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
It is worth mentioning that, in the literature, most of the attention has been focused on deriving the variational formulation of equations and boundary conditions for singleand double-walled nanotubes undergoing vibrations with nonlocal elastic continuum methods. Reddy and Pang [33] reformulated the equation of motion of the Euler-Bernoulli and Timoshenko beam theories, using the nonlocal differential constitutive relations of Eringen. Following this approach, the equations of motion are used to evaluate the static bending, vibration, and buckling responses of beams with various boundary conditions. Adali [34] proposed a continuum model for studying the mechanical behaviour of multiwalled carbon nanotubes under compressive loads; the nonlocal theory of Euler-Bernoulli beams has been employed and the results are extended to multiwalled nanotubes subjected to transverse vibrations.
In this paper the free vibration frequencies of coaxial DWCNTs are detected, using two different approaches. The first method has already been used by the authors [35] and by Raithel and Franciosi [36] for different structural problems, and it has been properly modified for the title problem. The nanotube is reduced to a set of rigid bars, linked together by elastic cells, where masses and stiffnesses are supposed to be concentrated. The resulting discrete system is simple enough to allow to take into account nonlocal effects, constraint elasticities, and van der Walls forces, and a classical eigenvalue problem is reached, which can be easily handled by Mathematica [37] .
The second proposed approach belongs to the semianalytical methods, and more precisely it can be considered an optimized version of the classical Rayleigh quotient, as proposed originally by Schmidt and then employed for various eigenvalue problems [38] [39] [40] . Basically, the trial function in the Rayleigh quotient is allowed to depend on parameters, and the resulting quotient is properly optimized. The resulting conditions can be solved numerically. 
Theoretical Approach
The beam structure, under consideration in Figure 1 , is a concentric system of two nanotubes of cylindrical shape of length , with Young's modulus and mass density . For each nanotube the cross-sectional area and the moment of inertia are defined, where the index = 1, 2 refers to the order of the nanotubes with the inner tube indicated by = 1 and the outer tube by = 2. For the DWCNTs, the main point in the analysis is the consideration of van der Waals (vdW) forces between the inner and outer tubes: the interaction pressure at any point between any two adjacent tubes depends on the difference of their deflections at that point. To take in to account the vdW forces, one defines the interaction coefficient 12 between the inner and outer nanotubes, which can be estimated approximately as [14] 12 = 320 (2 1 ) erg/cm 2 0.16 2 , with = 1.42 × 10 −9 m, (1) where 1 is the inner radius of the wall and is the carboncarbon bond length. As already said, the small-scale effect is taken into account by using the nonlocal theory for Euler-Bernoulli beams, so that the parameter = 0 is introduced, where 0 is a constant which has to be experimentally determined for each material. In turn, is an internal characteristic length, as already defined.
In order to analyze the dynamic behaviour of the system under consideration, the governing equations of motion, by considering the vdW forces and the small-scale effect, have been derived using a variational approach:
where and , with = 1,2, as already defined above, are rotational and translational stiffness, respectively, at = 0, while, analogously, and are rotational and translational stiffness at = , respectively. In the above equations, the abscissa represents the spatial coordinate while is the time; in (2), (3), and (4) denotes the kinetic energy, 1 is the strain energy and 2 is the potential energy due to vdW forces between the two nanotubes.
Discretization of DWCNTs by means of CDM Method
In this section the so-called "cell discretization method" (CDM), employed to analyze the dynamic behaviour of structure under consideration, is discussed. As already said, the two nanotubes are reduced to a set of rigid bars with the same length , linked together by = + 1 elastic cells (see Figure 2 ). The moment of inertia and the cross-sectional area with = 1, 2 will be evaluated at the cells abscissae, obtaining the concentrated stiffness 1 = 1 / , 2 = 2 / and the concentrated masses 1 = 1 , 2 = 2 for the inner and outer tubes, respectively. Both these quantities can be organized into the so-called unassembled stiffness diagonal matrix k and the unassembled mass diagonal matrix m , with dimension ( × ), = 1, 2, for each of two nanotubes.
In this way, the structure is reduced to a classical holonomic system, with 2 degrees of freedom, in particular, vertical displacements V 1, , for inner tube, and vertical displacements V 2, , for outer tube, at the cells abscissae will be conveniently assumed as Lagrangian coordinates and will be organized into the 2 -dimensional vector v. Moreover, for the inner and outer nanotubes the − 1 rotations of the rigid bars can be calculated as a function of the Lagrangian coordinates as follows:
or, in matrix form: 1 = Vv 1 and 2 = Vv 2 where V is a rectangular transfer matrix with − 1 rows and columns.
The relative rotations between the two faces of the elastic cells are given by (6) or in matrix form: 1 = Δ 1 for inner rigid bar and 2 = Δ 2 for outer rigid bar, where Δ is another rectangular transfer matrix with rows and − 1 columns. The Scientific World Journal The strain energies, with = 1, 2, (the first terms of (3)), are given by
and they are concentrated at the cells of the inner and outer tubes, respectively.
The strain energies should be expressed as functions of the Lagrangian coordinates as follows:
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The global assembled stiffness matrix assumes the following form:
The last term of (3), as function of the Lagrangian coordinates, assumes the following form:
or:
By assembling the terms of the (12), one gets
where m 1 = ( 2 m 1 ΔV) and m 2 = ( 2 m 2 ΔV). The assembled mass matrix assumes the following form
The kinetic energy, (2), can be expressed as the sum of the following form terms:
or, in assembled form
The global assembled mass matrix is given by
The strain energy due to the vdW forces, (4), can be expressed as
where
with C t equal to
The terms of matrix C 1 are given by
and the terms of the matrix C 2 assume, instead, the following form:
C 1 and C 2a are two matrices with rows and columns and have half-bandwidths equal to 2 and they can be organized into a matrix with 2 rows and 2 columns; so that the matrix C takes the following form:
Finally, the strain energy terms of the flexible constraints at the ends are given by
with = 1, 2, so that the assembled stiffness matrix K must be modified as follows:
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The rotational stiffness of the constraints of each nanotube can be taken into account by summing up the corresponding flexibilities with the flexibilities of the rigid bars; for example, for the end constraints one gets
These terms will be organized in two matrices k 1 and k 2 furnished in (9) .
Finally, the equation of motion can be written as
where K t is the global assembled stiffness matrix
and M t the global assembled mass matrix
Numerical Comparisons
In order to show the potentialities of the proposed approach (CDM), several numerical examples have been performed, using a general code developed in Mathematica [37] , and the obtained results are compared with those of available works in the literature and listed in bibliography. In the present study, the vibration analysis was carried out for DWCNTs with the same and different boundary conditions between inner and outer nanotubes, respectively. Some numerical comparisons have been performed with reference to Adali's paper [34] in which the fundamental frequencies of clamped-free doublewalled nanotubes have been computed by Rayleigh-Ritz (R-R) method. As first numerical example, the free frequencies of vibration of simply supported-simply supported DWCNTs have been calculated using as approximation function ( ) = sin( / ) and with the vertical displacement of the inner and outer nanotubes given by
which satisfy the boundary conditions at the simply supported ends. According to the to the Rayleigh-Ritz method, 
with = 0 . Substituting (32) into (31), the two fundamental frequencies values are deduced. As first case, setting the interaction coefficient 12 equal to zero, one obtains the first two frequencies values, = √ 2 ( 1 4 / 1 ), for inner and outer nanotubes, respectively. In the second one, putting 12 = 0.0694 TPa (31) gives the first fundamental frequency for DWCNTs. The simply supported-simply supported nanotubes, under consideration, have the following mechanical and geometric properties: = 1.2TPa, = 2.3g/cm 3 , = 100 nm, 1 = 0.35 nm, 2 = 0.69 nm, and = 0.34 nm, where 1 and 2 are the average radii of the inner and outer nanotubes and is the thickness of the two nanotubes. In Table 1 the numerical comparisons with the results of the proposed method (CDM) and those obtained applying Rayleigh-Ritz method are reported. As it can be seen, the fundamental frequencies show that there is an excellent agreement among the results obtained by the two different numerical procedures. This system has been already solved by Reddy and Pang [33] , in the absence of van der Waals interactions, using an exact approach. On the other hand, the van der Waals forces have been taken into account in [34] , where an approximate Rayleigh-Ritz method has been adopted, using a single-term trial function. In order to check the correctness of the numerical calculations of CDM, a numerical comparison with the results given by [34] is proposed applying an optimized version of the classical Rayleigh quotient, as proposed originally by Schmidt and then employed for various eigenvalue problems in [40] . In the Rayleigh-Schmidt (R-S) method, the components of displacement and rotation as suitable analytical approximation functions are assumed, in which one or more unknown parameters are presented. For example, the two-beam displacement approximation functions can be expressed as
The kinetic and strain energies and the elastic energy associated to the vdW forces can be expressed as
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Substituting in appropriate way (33) into (4), one gets
Therefore, 2 depends on the unknown parameters 2 , 3 , 2 , 3 which, in turn, can be obtained by minimizing (35) . In fact, the properties of the Rayleigh quotient allow us to obtain the minimizing parameters by putting equal to zero the first derivatives of 2 . Let us consider a clamped-clamped double-walled nanotubes having the same geometric and mechanical properties of the Example 1. The analysis is carried out applying the Rayleigh-Ritz and Rayleigh-Schmidt methods and assuming the following approximation functions:
In Table 3 , a numerical comparison with the results given by CDM and those obtained by R-R and R-S methods is considered. As shown, the CDM results are nearer to the Rayleigh-Schmidt values than to the Rayleigh-Ritz results.
In Table 4 , the fundamental frequencies of a clampedsupported double-walled nanotube are considered, for the cases 12 = 0 and 12 = 0.0694 TPa. In the first case the nondimensional frequencies 1 and 2 have been calculated and in the second one the value of the first frequency has been determined.
Applying Rayleigh-Ritz and Rayleigh-Schmidt methods, the approximation functions assume the following form:
As one can see, also this numerical example confirms that the CDM results are nearer to the Rayleigh-Schmidt values than to the Rayleigh-Ritz results.
A further numerical example, of the first free frequency of vibration and for various scaling effect parameter ( 0 = 0, 0.5, 0.7), is illustrated in Table 5 Tables 1-4 , of the papers [24, 30] and the results given by [23] . As one can note, there is an excellent agreement between the obtained results for SS-SS, CL-SS, and CL-CL cases. In the CL-Fr single-walled nanotube case and for scaling effect parameter 0 = 0.5, the calculations provide values higher than those obtained for 10 The Scientific World Journal In the Table 6 , the clamped-sliding end (CL-SL) doublewalled nanotube case is treated. The two first nondimensional frequencies have been obtained for = = = ∞ and = 0 with = 1, 2. The case of sliding end-simply supported (SL-SS) for = = ∞ and = = 0 is reported in Table 7 .
All previous numerical examples show that the nondimensional frequencies decrease as the small-scale parameter 0 increases as observed in similar studies on the free vibrations of SWCNTs [23] and DWCNTs (Tables 1, 2 , 3, and 4) using the nonlocal theory.
In Table 8 , a numerical comparison is illustrated between the results given by CDM and Rayleigh-Ritz methods and the results given by [27, 28, 32] . The structural system under consideration is a double-walled nanotube having the following mechanical and geometric properties: = 1 TPa, = 2.3 g/cm 3 , = 14 nm, 1 = 0.35 nm, 2 = 0.7 nm, = 0.35 nm, and the vdW interaction coefficient is equal to 12 = 0.0694 × 10
12 TPa. The numerical calculations have been performed for simply supported-simply supported, clamped-clamped, clamped-simply supported, and clamped-free double-walled nanotubes and setting the small-scale parameter equal to 0 = 0, 0.1.
With reference to the paper [27] , the free frequencies of double-walled carbon nanotubes (DWCNTs), Ω 4 √ 2 ( 4 / ), with = 1 + 2 and = 1 + 2 , are calculated. The structural system is modeled following the nonlocal Euler beams theory and using the Galerkin approach. In [32] , the effects of small-scale parameters on the vibrations of DWCNTs, embedded in elastic medium and based on nonlocal Timoshenko theory, are examined in detail. Finally, in [28] the fundamental free frequencies of DWCNTs have been found by means of two analytical approaches in which solving the coupled governing equations of the motion are solved.
The numerical comparisons listed in Table 8 show that there is an excellent agreement between the CDM values and those obtained in [28] .
In the following numerical examples the cases of doublewalled carbon nanotubes with different boundary conditions between the inner and outer tubes is considered and the obtained results are compared with the values reported in [15] . Moreover, a numerical comparison is given for The Scientific World Journal 11 are the average radii of the inner and outer nanotubes and is the thickness of the two nanotubes. The vdW interaction coefficient is equal to 12 = 71.11 GPa and the nonlocal effects are neglected. In Table 9 , the first six free frequencies for different boundary conditions are reported. As one can see, the obtained results with CDM method are lower than those by [15] .
Recently, Hemmatnezhad and Ansari [31] have furnished a finite element formulation for the free vibration analysis of embedded double-walled carbon nanotubes based on nonlocal Timoshenko beam theory. In their analysis a numerical comparison is offered with the results given by [15] and reported in Table 4 in [31] for the case of DWCNTs so constrained: the simply supported-simply supported inner tube and clamped-clamped outer tube. In Table 10 the previous numerical comparison is proposed introducing the results given by CDM and differential quadrature method (DQM), developed in [36, 41] .
As can be observed the first three free frequencies values given by [15] overestimate the frequencies and the obtained results employing the CDM and DQM methods are lower than those by [15] while they greater than those by [31] .
In Table 11 , the nonlocal effects influence on the first three free frequencies of vibration are investigated, putting the small-scale parameter equal to 0 = 0.1, 0.2.
The numerical calculations relative to a DWCNTs, having various lengths (14 nm, 18 nm, 24 nm, and 28 nm), are performed and the results compared with the CDM method and FEM approach given by [31] . As shown, the results given by CDM method are greater than those by [31] .
In the last Tables 12 and 13 the nondimensional free frequencies values are reported for different boundary conditions among inner and outer nanotubes, respectively, and for different values of the small-scale parameter 0 . The numerical calculations have been performed using the geometrical and physical data given by [34] . In particular the first nondimensional frequency value, 1 = √ 2 1 ( 1 4 / 1 ), is reported. As shown, the fundamental frequencies decrease with increasing values of the small-scale parameter 0 .
Conclusions
Coaxial DWCNTs are modeled as two beams interacting between then through van der Waals forces, and nonlocal Euler-Bernoulli beam theory is employed in order to calculate the free vibration frequencies of the system. Two different numerical approaches are used in order to perform numerical comparisons. In the first method, the system, under consideration, has been modeled as a set of rigid bars linked together by elastic cells, where masses and stiffnesses are supposed to be concentrated. The resulting finite degree of freedom has allowed taking into account nonlocal effects, constraint elasticities, and van der Walls forces. The second proposed approach belongs to the semianalytical methods, and more precisely it can be considered an optimized version of the classical Rayleigh quotient, as proposed originally by Schmidt and then employed for various eigenvalue problems. Several numerical examples have been treated in detail, comparing numerical and approximate results from the literature, and the proposed approaches have furnished excellent results.
More particularly, emphasis has been given to the influence of the small-scale parameter, of the length of the nanotubes and of the various boundary conditions on the free vibration frequency behaviour.
In the author's opinion, the first method will be particularly useful-because of its intrinsic simplicity-in the future analysis of mass nanosensor and of nanotube in the presence of soil and follower forces.
